Several phenomenological crystallographic theories, including the invariant line model, O-line analysis and Ág parallelism rules, have been proposed and then successfully applied to the interpretation of crystallographic features for most face-centred cubic/body-centred cubic precipitation systems. However, the application of these methods requires the use of extra criteria and multiple rotations. A simplified invariant line analysis is proposed in this paper, to simplify the above theories from the well known confusions of additional criteria and multiple rotation around specific axes. One-step rotation dispenses with extra criteria or any input orientation relationship and so can deduce an invariant line when a Burgers vector is parallel to the habit plane. This simplified analysis makes the application of the theory more understandable, where it anticipates the invariant line, the habit plane, the orientation relationship between the matrix and the precipitate, and the distance between dislocations for which the Burgers vector is not inclined. The predictions are simplified, highly efficient and coincide well with experimental observations from lathshaped precipitates in Cu-Cr and Ni-Cr alloys, as well as with the theoretical results obtained by O-line theory and Ág parallelism rules. research papers J. Appl. Cryst. (2010). 43, 448-454 Liu, Waclawik and Luo Simplified invariant line analysis 449 research papers
The following corrections should be made in the article by Liu et al. (2010) :
(i) Page 449, right column, line 54: change n Á B À1 to n.
(ii) Page 449, right column, line 55: change n to n Á B À1 . (iii) Page 450, left column, line 6: change b to b/|b| and n Á B À1 to n.
(iv) Page 450, left column, line 7: change B Á b to B Á b/|B Á b| and n to n Á B À1 .
(v) Page 450, left column, line 10: change Q 2 to Q 1 .
(vi) Page 450, left column, lines 11 and 12: change equation (4),
to P 1 ¼ b=jbj; Q 1 ¼ ½hkl;
(vii) Page 450, left column, line 15: change P 1 Á Q 2 = 0 to P 1 Á Q 1 = 0 and Q 2 to Q 1 .
(viii) Page 450, left column, line 16: change Q 1 to Q 2 and B À1 Á Q 2 to Q 1 Á B À1 .
Introduction
In order to understand precipitate development better, it is very important to be able to control microstructures in multiphase materials, and hence to improve the final material properties. The crystallography and morphology of precipitation have been major subjects of materials research for several decades. The basic problem for phase transformations is to predict the various crystallographic features of precipitates, i.e. the growing orientation or the invariant line (IL), the habit plane (HP), and the orientation relationship (OR) between the precipitate and the matrix.
In recent years, many rival models have been developed to account for the crystallography of the products of precipitation systems. These notably include the phenomenological theory of martensitic crystallography (PTMC; Wechsler et al., 1953; Bowles & Machenzie, 1954) , the topological model for phase transformations (Howe et al., 2009) , the theories of invariant lines (Luo & Weatherly, 1989; Dahmen, 1982 Dahmen, , 1987 and structural ledges (Aaroson, 1993) , O-lattice theory (Bollmann, 1967) , Ág parallelism rules (Zhang & Weatherly, 2005) , edge-to-edge matching (Zhang & Kelly, 1998 Kelly & Zhang, 1999) , and the planar interphase boundaries migrating mechanism (Nie, 2004) . While these theories have been successfully applied to a wide range of transformation products, none of them seems to be sufficiently general.
The concept of invariant line strain (ILS) was inherent in the PTMC. It was then extended to diffusion-controlled phase transformations. A three-dimensional ILS theory was developed by Luo and co-workers (Luo & Dahmen, 1998; Luo & Weatherly, 1988a,b) .
Lath-or needle-shaped precipitates are the most commonly observed precipitates, usually exhibiting a particularly favoured growth direction. Such crystallographic features can often be interpreted by the ILS method (Luo & Weatherly, 1987; Liu et al., 2006) .
Although the basic formalism is well established (Mackenzie & Bowles, 1954a,b) , the ILS theory requires complex matrix manipulation. Explicit solutions for ORs and IL directions are only available for a diagonal two-dimensional transformation matrix (Dahmen et al., 1984) . Even for this case, solutions to a transformation matrix containing a shear can be confusing (Smith & Howe, 1993; Kato et al., 1993; Howe & Smith, 1992; Dahmen & Westmacott, 1986) .
Until recently no new progress had been reported on the IL theory until Qiu & Zhang (2003) proposed the O-line theory and Ág parallelism rules. Zhang systemically presented a set of analytical expressions for the IL and corresponding OR under various conditions. However, the analytical O-line solution for a general case was rather complex to express. Under the condition of parallel Burgers vectors for the O-lines, the closed-form solution of the IL could be obtained as a function of the lattice parameter ratio (Qiu et al., 2006) for face-centred cubic/body-centred cubic (f.c.c./b.c.c.) precipitation systems. However, two or more steps of rotations around specific axes are still required to search an IL for O-line theory and Ág parallelism rules.
The aim of this study is to find a simplified method to make the IL theory more understandable and applicable. One-step rotation, dispensing with any input OR, was found adequate for deducing an IL and an HP. This makes it more convenient to deduce crystallographic features, such as the IL, HP and OR of an f.c.c./b.c.c. precipitation system. Predictions from the simplified analysis are compared with results from studies of lath-shaped precipitates in Cu-Cr and Ni-Cr alloys (Luo et al., 1994) .
Simplified invariant line analysis 2.1. Lattice transformation and deformation
An IL is an orientation (maybe an irrational exponent) of the matrix phase lattice that will become a certain orientation of the new phase lattice without rotation or extension. It can be expressed mathematically by
where A is the total strain matrix, including a lattice strain B, R is a rigid rotation matrix of the new phase relative to the matrix phase and X is an IL. For f.c.c./b.c.c. precipitation systems in metallic materials, the lattice correspondence between the precipitate and the matrix can be related by a Bain strain B (Wayman, 1964) ,
where n i (i = 1, 2, 3) are the three main strains of the Bain strain matrix. The lattice parameter ratio (LPR) is defined by (a f /a b ), and a f and a b are the lattice constants of the f.c.c. or b.c.c. lattice, respectively.
One-step rigid-body rotation based on Bain strain
The crystallographic characteristics of displacive and diffusional phase transformations are determined by both crystal lattice correspondence with the crystal structure (geometric aspect) at the initial transition stage, and crystal plastic deformation correlating with the elastic moduli of adjacent phases (physical aspect) at the transition product growth stage. All phenomenological models for the crystallography of phase transformations consider only the geometric aspects of lattice matching between adjacent phases and thus cannot include the physical aspects, which actually play an important role in phase transformations and transition product growth. The currently available models, including the O-lattice theory, O-line model, IL theory, edge-to-edge matching model and Moiré fringe model, are devoted to seeking geometric lattice matching (geometric condition) as an approximation of the lowest elastic energy of the transformation system (physical condition). Ma & Pond (2007) developed a topological model emphasizing the importance of interfacial relaxations, which depend on the material parameters, particularly the relative elastic moduli of adjacent phases. For the case of diffusional transformations, the general applicability of geometric ideas is far less secure than for martensitic transformations.
In order to enable a one-step rotation to produce an IL based on Bain strain, the three-dimensional ILS model is revised with reference to O-line theory and Ág parallelism rules. An f.c.c./b.c.c. precipitation system is supposed to meet the following conditions:
(a) An IL X should exist in real space, i.e. A ÁX = X.
(b) The parallel dislocation lines in the HP are parallel to the IL.
(c) The IL in reciprocal space (the invariant normal), n, must be perpendicular to the Burgers vector b in the HP, i.e. n Áb = 0.
Condition (a) considers the well known phenomenon in diffusive phase transformations that most precipitates have a growth direction (IL). Condition (b) takes note of the fact that a set of parallel dislocation lines can often be observed on the habit plane of a precipitate. Condition (c) is derived from the definition of the reciprocal IL (Zhang & Weatherly, 2005) .
Thus, the three conditions on which the one-step procedure is based have taken into account the physical aspects of elastic relaxation at an interface. Condition (a) emphasises no elastic deformation in the growth direction of the transition product. Condition (b) meets the requirement for elastic relaxation by dislocation and disconnection at the interface area, as described by the topological model for interface defects. Condition (c) demands that the direction of plastic deformation in the transition product should be parallel to the dislocation vector. All three conditions mentioned in this model genuinely take physical aspects into account and emphasise elastic relaxation.
It is can be deduced from the above three conditions that if the Burgers vector is not inclined in the HP, i.e. the normal F of the HP is perpendicular to the Burgers vector b (FÁ b = 0), then an HP can be determined by the cross-product of the IL and the Burgers vector lying on it, i.e. F = X Â b.
It is obvious that the Burgers vector in the HP remains unrotated, while its length varies during the transformation. If a vector is defined as P 1 = b/|b|, the deformed vector is P 2 = Bb/|Bb|. It is easy to establish that the vector P 1 is invariant during deformation. So the vector P 1 is equivalent to, but not the same as, the IL in real space. Here, the vector P 1 , or b/|b|, is a unit invariant vector but it is useful for deducing a simplified IL analysis. Fig. 1 shows a schematic diagram of the simplified IL analysis. The solid-line vectors b and n Á B À1 are changed into the broken-line ones B Áb and n after a pure deformation (Bain strain). The unit vector b/|b| is unstretched during the deformation.
According to Euler's theorem dealing with rigid-body rotation, the rotation axis u and rotation angle can be determined by resolving the Euler equation (Wayman, 1964) 
where u is a unit vector parallel to the rotation axis and is the rotation angle. P 1 and Q 1 are the vectors b and n ÁB À1 before deformation, and P 2 and Q 2 are the vectors B Áb and n after deformation. Thus, we have invariant vectors in both real and reciprocal space, i.e. P 1 and Q 2 , 
Since it is already known that n 1 = n 2 = 2 1=2 = and n 3 = 1=, replacing Q 1 and Q 2 in equation (5) gives
The range of the LPR, , in which the IL exists within the condition y 2 ! 0 or z 2 ! 0 can be resolved as the smaller of
If exceeds 2 1/2 , the cone enclosed by all non-inclined vectors does not exist, whereas if is less than 2/3 1/2 , there are no intersections between the plane normal to the Burgers vector b and the initial cone of the unextended lines in reciprocal space.
The range of LPR corresponding to Burgers vector [101]/2 is a sub-class of that corresponding to Burgers vector [110].
Determination of rotation axis and angle
Having determined the unit invariant vector in real space P 1 and the IL in reciprocal space Q 2 , the unit rotation axis u = [p 1 , p 2 , p 3 ] and rotation angle can be determined directly by resolving the Euler equation (3).
It is necessary to classify the Burgers vectors into two categories, b 1 and b 2 . The Burgers vector corresponding to b 1 is [AE1, 1, 0] f /2, while that corresponding to b 2 is [AE1, 0, 1] f /2 or [0, AE1, 1] f /2. The vector of b 1 stays unrotated, while that of b 2 varies after lattice deformation.
For the case of b 1 , the unit rotation axis u is easy to determine as b 1 /|b 1 |, and the rotation angle is determined by the included angle between the invariant normal Q 2 and the deformed invariant normal Q 1 . We define this OR feature as OR I.
For the case of b 2 , both the rotation axis and rotation angle can be obtained by resolving them directly from the Euler equation (3). Similarly, we define this OR feature as OR II.
Eigenvalues, eigenvectors and eigenplanes
The detailed calculation procedure is available on request and is offered as software developed with Microsoft Visual Basic 6.
Having found the total strain A, the eigenvalues, eigenvectors and further eigenplanes can be given by linear algebra. Details of the calculation are given as supplementary material. 1 For the range of a f /a b shown in equation (7), one can obtain three real eigenvalues i (i = 1, 2, 3) and three corresponding eigenvectors V i = [uvw] (i = 1, 2, 3): 
Figure 1
A scheme to show the relationship between the rotation axis u, the pseudo-IL Bb/|Bb| and the invariant normal n in the same coordinate system for f.c.c./b.c.c. precipitation systems.
Table 1
The invariant normal corresponding to different Burgers vectors.
Burgers vector Invariant normal Parameter
[110]/2 [11z] z 2 ¼ ½ðn 2 1 þ n 2 2 À 2n 2 1 n 2 2 Þ=ðn 2 3 À 1Þðn 2 3 =n 2 1 n 2 2 Þ
[101]/2 [1y1] y 2 ¼ ½ðn 2 1 þ n 2 3 À 2n 2 1 n 2 3 Þ=ðn 2 2 À 1Þðn 2 2 =n 2 1 n 2 3 Þ
[011]/2 [x11]
x 2 ¼ ½ðn 2 2 þ n 2 3 À 2n 2 2 n 2 3 Þ=ðn 2 1 À 1Þðn 2 1 =n 2 2 n 2 3 Þ Here, a = cos , b = sin and i = 1, 2, 3. Note that equation (8) is not applicable for the case when the rotation axis is one of the three basic axes. For this special case, the question will be reduced to a two-dimensional situation and can be resolved directly.
The eigenvector V 1 corresponding to 1 = 1 is the IL, and one of the other two eigenvectors is parallel to the unit invariant vector b 1 /|b 1 | or b 2 /|b 2 |.
The three eigenplanes F i (i = 1, 2, 3) can be resolved as the cross-product of any two of the three eigenvectors. The eigenplane determined by the IL V 1 and the unit invariant vector corresponds to the habit plane F 1 .
Crystallographic orientation between the precipitate and the matrix
An } so as to specify the specific rotation direction with respect to the plane of (111) f .
Dislocation distance
Knowing the total strain matrix A, one can also determine the spacing of dislocations (D disl ) after the O-line model (Qiu & Zhang, 2003 )
where T = I À A À1 and b
Burgers vector from the matrix lattice.
Variation in crystallographic characteristics with c
It is convenient to investigate the effect of the LPR on crystallographic features by applying the simplified IL analysis. We shall study phase transformations with varying from 2/(3 1/2 ) to 2 1/2 . The IL and HP can be solved for both OR I and OR II, which were defined in x2.3. The variations in the IL and HP are illustrated by a stereographic projection with centre (001) f and are shown in Fig. 2 . One can search the possible IL and HP for any given LPR.
It is found that the crystallographic features predicted by this study are the same as those anticipated by O-line theory (Qiu et al., 2006) .
Comparisons with observations
The crystal structures of the precipitation systems used for comparison are shown in Table 2 .
The crystallographic features predicted by the simplified IL analysis for Cu-Cr and Ni-Cr alloys are compared with experimental observations, and with the features predicted by the analytical O-line method (Qiu & Zhang, 2003; Qiu et al., 2006) and the three-dimensional IL model (Luo & Weatherly, 1988a,b) . The comparisons are shown in Tables 3 and 4. The items compared include the OR [represented by the departure angle between (111) f and (110) b ], the IL, the HP, the conjugate plane g f b [//(011) b ] and the distance between parallel dislocations on the HP. The comparison indicates that the theoretical result of this study coincides well with experimental data and also with other theoretical models used for comparison.
Discussion
A summary of the characteristics of the simplified IL analysis will be presented in this section, followed by comparison with other models for interpreting precipitate crystallography.
The simplified IL analysis is developed to simplify the prediction of the crystallographic features of f.c.c./b.c.c. precipitation systems. This method releases the previously mentioned models from the well known confusions and difficulties of additional criteria and multiple rotations around the specific axes used for selecting an IL. One-step rotation around a particular axis based on the Bain strain, without considering any extra criterion or any input OR, is enough to derive an IL. The rotation matrix R in the formula A = RB reported by Qiu and co-workers (Qiu & Zhang, 2003; Qiu et al., 2006) is very complicated and is determined by a three-step rotation, that is, A = R 2 R 1 B and R 1 = R g2 R g1 . In contrast, the rotation matrix R in the present study is very simple and is determined by a one-step rotation by resolving the Euler equation (3). It is simple and efficient, and dispenses with any selection criteria or input OR.
Comparison of the description of precipitation systems with three-dimensional ILS and O-line theory
The difference between the description of phase transformations for the simplified IL analysis and three-dimensional ILS lies in two facts. Firstly, the latter asks for a non-inclined vector but does not indicate what this vector is. The former requires the non-inclined vector to be a Burgers vector of the matrix. Secondly, the latter model ignores an IL in reciprocal space (or invariant normal) while the former requires this invariant normal to be perpendicular to the Burgers vector, which is not inclined to or lying in the habit plane.
The description of phase transformation systems is almost the same as that in O-line theory, except for condition (c) in x2.2. Although O-line theory does not require that a Burgers vector must lie in the habit plane, the O-line features for type I and type III ORs that have been supported experimentally do meet this condition. Here, type I and type III ORs are defined in O-line theory and are not the same as OR I and OR II defined in this work. This may be the reason why these two models can draw accurate ILs and the predicted results are in agreement.
The applicability of the simplified IL analysis
This method is highly efficient for those precipitation systems for which the habit plane contains a Burgers vector. However, it is not universally applicable since it is not effective for all types of diffusion-controlled phase transformations. The precipitation systems are supposed to meet three conditions in this model. One of these is that the Burgers vector is the non-inclined vector lying in the habit plane, but not all precipitation transformations can meet such a condition (although most of them do). For those systems that do not meet this condition, more consideration should be taken and work on this will be presented elsewhere.
According to O-line theory, there are six types of ILs that can be predicted (Qiu & Zhang, 2003) . O-line features for type I, type III and type VI ORs were supported experimentally. The transformations for types I and III both meet the above condition of the pseudo-IL, while the other four are not applicable. It should be pointed out that type I, type III and type VI ORs are defined in O-line theory and are not the same as OR I and OR II defined in this work.
Another reason for the applicability of the present model is that this model is based on experimental evidence of the slipping direction (Burgers vector) being invariant but is not based on physical aspects as mentioned in a recent literature review (Howe et al., 2009) . Thus the present theory can be named the invariant deformation element model (IDE model) because the deformation element (matrix slipping direction for diffusional phase transformations) is invariant during transformation. The topological model of phase transformations proposed by Howe and co-workers is described in terms of disconnections. They argued that disconnection motion was shown to produce a variety of phase transformations with Luo & Dahmen (1998) accompanying plastic strains. These strains, together with elastic strains associated with equilibrium arrays of interface defects, define the expected HPs and ORs. Non-equilibrium defect arrays resulting from kinetic constraints are discussed. If the present work were to consider the role of disconnection, it might be more useful.
The model in this study gives no mathematical treatment of elastic relaxation at an interface. This may be another reason why the model is not a general one, which limits its applicability. If this model were to take advantage of the topological model emphasizing elastic relaxation at an interface, it should be able to predict the type VI OR in O-line theory and thus become a general model for diffusional transitions.
Comparison with other phenomenological crystallographic models
The structural change in a diffusion-controlled phase transformation can be described by a homogeneous strain A (Luo & Dahmen, 1998; Luo & Weatherly, 1987 , 1988a , which can be decomposed into a pure distortion B and a rigidbody rotation R.
Several efforts, besides the above two well known models, have been proposed to restrict ILs by additional extra criteria. One is to consider the slip plane of the f.c.c. matrix, as shown by Dahmen et al. (1984) . For a coherent precipitate at the initial stage of precipitation, the IL could be deduced by a onestep rotation around one of the three basic axes. For a semicoherent precipitate, it was not sufficient to do so by a rotation around a basic axis without additional criteria. A slip plane of the matrix was then used to restrict the growth direction of the precipitate and to refine the IL.
According to the model based on the IL hypothesis (Dahmen, 1982) , coherent needles lie on the cone of unextended lines, as given by the stress-free transformation strain, while semi-coherent needles lie along the intersection of the cone of unextended lines with a matrix slip plane. This is similar to the theory of displacive-controlled martensitic transformation, which assumes a simple shear occurring in the transformation system. In fact, the IL theory was drawn from the PTMC by removing the simple shear component; the IL in many precipitate systems does not lie on the slip plane.
The other hypothesis mentioned by Xiao & Howe (2000) leads to a shear in the two-dimensional IL theory and can yield an explicit solution for a general two-dimensional deformation matrix between two phases containing any combination of expansion/contraction and/or shear. Ugurlu et al. (2006) derived a displacive-diffusional mechanism to explain the rapid formation of the Gd 5 (Ge,Si) 3 plates precipitated in Gd 5 Si 2 Ge 2 , based on their experimental results. The results indicated that a displacive transformation did not appear to be the only active mechanism in this system; the composition difference between the matrix and the product phase also indicated a diffusion component. Radmilovic et al. (1999) explained the structure and morphology of S-phase precipitates in aluminium with an IL condition by adopting a lattice correspondence involving a shear component. It was then found that a slip in the matrix or a shear in the precipitate should be an additional criterion to restrict the three-dimensional ILS. Xiao & Howe (2000) also pointed out that it is possible to form an IL either by a sufficient amount of shear (slip or twinning) or by a rigid-body rotation. Actually, this assumption drew the IL model for diffusion-controlled transformation back to the PTMC for displacive-controlled transformation.
In contrast, it is not necessary for the simplified IL analysis proposed in this study to consider slip or shear as additional conditions of the phase transformations.
Conclusion
A simplified IL analysis has been developed to predict the crystallographic features of f.c.c./b.c.c. precipitation systems. This model releases the well known models, including O-line theory, Ág parallelism rules and the three-dimensional ILS model, from the confusion and trouble of additional criteria and multiple rotations for selecting an IL. A one-step rotation based on the Bain strain, without considering any extra criteria or any input ORs, is enough to derive an IL. The predictions from this model agree well with experimental results for lath-shaped precipitates in Cu-Cr and Ni-Cr alloys, and with theoretical results predicted by the three-dimensional ILS model, O-line theory and Ág parallelism rules. This makes it a very simple, highly efficient and convenient means of anticipating all the crystallographic features, including the IL, the HP, the OR between the matrix and the precipitate, and the distance between dislocations on the HP.
